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Abstract Various thermal correlations as well as the effect of intrinsic decoherence on the correlations are
studied in a two-qubit Heisenberg XYZ spin chain with the Dzyaloshinski-Moriya (DM ) interaction along the
z direction (Dz). It is found that tunable parameter Dz may play a constructive role to the concurrence (C),
classical correlation (CC) and quantum discord (QD) in thermal equilibrium while it plays a destructive role to
the C, CC and QD in the intrinsic decoherence case.
PACS numbers: 03.65.Ud, 03.67.Mn, 75.10.Pq
I. INTRODUCTION
Entanglement is a kind of quantum nonlocal correlation and
has been deeply studied in the past years [1–4]. The quantum
discord (QD) which measures a more general type of quan-
tum correlation, is found to have nonzero values even for sep-
arable mixed states [5]. QD is built on the fact that two clas-
sical equivalent ways of defining the mutual information turn
out to be inequivalent in the quantum domain. In addition,
QD is responsible for the quantum computational efficiency
of deterministic quantum computation with one pure qubit [6–
8] albeit in the absence of entanglement.
In recent years, the QD has been intensively investigated
in the literature both theoretically [9–30] and experimentally
[7, 31]. Generally, it is somewhat difficult to calculate QD
and the analytical solutions can hardly be obtained except for
some particular cases, such as the so-called X states [10].
Some researches show that QD, concurrence (C) and classi-
cal correlation (CC) are respectively independent measures of
correlations with no simple relative ordering and QD is more
practical than entanglement [7]. B.Dakic et al [24] have intro-
duced an easily analytically computable quantity, geometric
measure of discord (GMD), and given a necessary and suf-
ficient condition for the existence of nonzero QD for any di-
mensional bipartite states. Moreover, the dynamical behavior
ofQD in terms of decoherence [27, 32, 33] in both Markovian
[11] and Non-Markovian [12, 34, 35] cases is also discussed.
In the previous studies, the QD of a two-qubit one-
dimensional XYZ Heisenberg chain with an external magnetic
field in thermal equilibrium has been studied,[36] where many
unexpected ways different from the thermal entanglement
have been shown. In Ref.[37] the authors investigated the
effect of Dzyaloshinski–Moriya (DM) interaction,[38] which
arises from spin-orbit coupling, on QD in an anisotropic XXZ
model and shown that with the increase of the DM interaction
the QD gradually reduces at finite temperature. The effect
of DM interaction on QD in Heisenberg XY model has also
been discussed in Ref.[16], in which the authors showed that
QD can describe more information about quantum correla-
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tion than quantum entanglement. There are interesting papers
discussing the QD qualitatively and quantitatively in Heisen-
berg spin chain models with various factors such as temper-
ature, anisotropies and magnetic field.[17] In this Letter, we
study the QD, CC and C in an anisotropic Heisenberg XYZ
model with the DM interaction both in the thermal equilib-
rium case and the intrinsic decoherence case, and discuss how
the DM interaction influence the correlations in such a system.
The present study of the correlations in Heisenberg spin chain
model will help us to understand the effect of DM interaction
on the correlations and the phase decoherence resistance of
the correlations more comprehensively.
II. THE MODEL AND DEFINITIONS OF THE VARIOUS
CORRELATIONS
We consider the anisotropic XY Z Heisenberg model with
the anisotropic, antisymmetric DM interaction along the z
directionDz(σx1σ
y
2 × σy1σx2 ). Then the Hamiltonian of such a
model can be expressed as
H =
1
2
[Jxσ
x
1σ
x
2 + Jyσ
y
1σ
y
2 + Jzσ
z
1σ
z
2
+Dz (σ
x
1σ
y
2 − σy1σx2 )], (1)
where Jx, Jy and Jz are the coupling constants; σxi , σ
y
i and
σzi are the Pauli operators acting on qubit i(i = 1, 2). In the
standard basis | ↑↑〉, | ↑↓〉, | ↓↑〉, | ↓↓〉, the Hamiltonian can be
expressed in the following matrix form
H =
1
2


Jz 0 0 Jx − Jy
0 −Jz β 0
0 β† −Jz 0
Jx − Jy 0 0 Jz

 , (2)
where β = Jx + Jy + 2iDz. We give a brief overview of
various correlation measures. Given a bipartite quantum state
ρAB in a composite Hilbert space H = HA ⊗ HB , the con-
currence [2] as an indicator for entanglement between the two-
qubits is
C(ρAB) = max{λ1 − λ2 − λ3 − λ4, 0}, (3)
where λi(i = 1, 2, 3, 4) are the square roots of the eigen-
values of the “spin-flipped” density operator R = ρρ˜ =
2ρ(σy1 ⊗ σy2 )ρ∗(σy1 ⊗ σy2 ) in descending order. σy is the Pauli
matrix and ρ∗ denotes the complex conjugation of the matrix
ρ in the standard basis | ↑↑〉, | ↑↓〉, | ↓↑〉, | ↓↓〉. Let us now
recalling the original definition of QD. In the classical in-
formation theory, the total correlations in a bipartite quantum
system (A) and (B) are measured by the quantum mutual in-
formation defined as
I(ρA; ρB) = S(ρA) + S(ρB)− S(ρAB), (4)
where ρA(B) = TrB(A)(ρAB) is the reduced density matrix of
the subsystem A(B) by tracing out the subsystem B(A). The
quantum generalization of the conditional entropy is not the
simply replacement of Shannon entropy with Von Neumann
entropy, but through the process of projective measurement
on the subsystem B by a set of complete projectors Bk, with
the outcomes labeled by k, then the conditional density matrix
ρk becomes
ρk =
1
pk
(lA ⊗Bk)ρ(lA ⊗Bk), (5)
which is the locally post-measurement state of the subsystem
B after obtaining the outcome k on the subsystem A with the
probability
pk = Tr[(lA ⊗Bk)ρ(lA ⊗Bk)], (6)
where lA is the identity operator on the subsystem A. The
projectorsBk can be parameterized as Bk = V |k〉〈k|V †, k =
0, 1 and the transform matrix V ∈ U(2) [9] is
V =
(
cos θ e−iφ sin θ
eiφ sin θ − cos θ
)
. (7)
Then the conditional Von Neumann entropy (quantum condi-
tional entropy) and quantum extension of the mutual informa-
tion can be defined as [5]
S(ρ|{Bk}) =
∑
k
pkS(ρk), (8)
following the definition of the CC in Ref.[5]
CC(ρAB) = sup
{Bk}
{S(ρA(t))− S(ρAB(t)|{Bk})}, (9)
then QD defined by the difference between the quantum
mutual information I(ρAB) and the CC(ρAB) is given
by QD(ρAB) = I(ρAB) − CC(ρAB). If we denote
Smin(ρAB) = min{Bk} S(ρAB|{Bk}), then a variant expres-
sion of CC and QD in Ref.[5, 12]
CC(ρAB) = S(ρA)−min{Bk}S(ρAB|{Bk}), (10)
QD(ρAB) = S(ρB)− S(ρAB) + Smin(ρAB). (11)
III. EFFECTS OF DM INTERACTION ON VARIOUS
THERMAL CORRELATIONS
A typical solid-state system at thermal equilibrium in tem-
perature T (canonical ensemble) is ρ(T ) = e− HKT /Z , with
Z = Tr[e−
H
KT ] the partition function and K is the Boltz-
mann constant. Usually we work with natural unit system
~ = K = 1 for simplicity and henceforth. This density matrix
can be worked out as
ρ(T ) =
1
Z


ρ11 0 0 ρ41
0 ρ22 ρ
†
23 0
0 ρ23 ρ22 0
ρ41 0 0 ρ11

 , (12)
where the elements of the matrix have been defined as
ρ11 =
1
2
[e−
Jx+Jy+Jz
2T (e
Jx
T + e
Jy
T )],
ρ41 =
1
2
[e−
Jx+Jy+Jz
2T (−e JxT + e JyT )],
ρ22 =
e
Jz
2T cosh[
√
(Jx+Jy)2+4D2z
2T ]
Z
,
ρ23 =
(Jx + Jy − 2iDz)e Jz2T sinh[
√
(Jx+Jy)2+4D2z
2T ]√
(Jx + Jy)2 + 4D2zZ
,
and
Z = e−
Jx+Jy+Jz
2T (e
Jx
T + e
Jy
T )
+2e
Jz
2T cosh[
√
(Jx + Jy)2 + 4D2z
2T
].
According to the above definitions of C, CC and QD, we
will now discuss them with the corresponding plots. Fig. 1(a)
shows that in the case of the temperature T with finite value,
C(T ) increases monotonously with the increasing of Dz , by
which one can also achieve maximum entanglement even at
finite low temperatures. Both QD(T ) and CC(T ) are zero
when the temperature is zero, which is totally different from
the case of C(T ) (it takes the maximum in this case). But
there is an apparent increase, which is sharper for larger Dz ,
followed by a gradual decrease when the temperature is in-
creased gradually starting from zero. More interestingly, the
QD(T ) andCC(T ) show the same characteristics in their be-
havior following the increasing of the absolute value of Dz ,
which is different from the entanglement. The saddle-like
structure of QD(T ) and CC(T ) in this case reveals the con-
structive role of Dz for the two correlations, one quantum,
one classical, which is one of the interesting results of this
work. All of the above three correlations do not undergo sud-
den death, instead, they tend asymptotically towards zero as
the temperature is increased.
In the overall, we conclude thatDz is an efficient parameter
in increasing various correlations such as C, CC and QD at
finite temperature. This is partly contrary to the result for the
case of XXZ model, in which the increase of the DM inter-
action suppresses the QD [38]. Moreover, the QD shows a
different behavior from the C in the response to the variation
of DM interaction.
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FIG. 1: (Color online) The concurrence (a), classical correlation (b)
and quantum discord (c) versus T and Dz . Here Jx=0.2, Jy=0.4,
Jz=0.8.
IV. INTRINSIC DECOHERENCE OF VARIOUS
CORRELATIONS
Now, we take the influence of intrinsic decoherence on the
various correlations into account. According to the Milburn’s
equation [39] followed by the assumption that a system does
not evolve continuously under unitary transformation for suf-
ficiently short time steps, the master equation for pure phase
decoherence is given by
dρ(t)
dt
= −i[H, ρ]− 1
2γ
[H, [H, ρ(t)]], (13)
where γ is the phase decoherence rate. In the limit γ → 0
the Schodinger,s equation is recovered. The formal solution
of the master equation above can be given by [40]
ρ(t) =
∞∑
k=0
lk
k!
Mk(t)ρ(0)M †k(t), (14)
where ρ(0) is the density operator of the initial system and
Mk(t) is defined by
Mk(t) = Hke−iHte−
t
2γ
H2 . (15)
By inserting the completeness relation
∑
n |ψn〉〈ψn| = 1 of
the energy eigenstate into master equation [39], we can write
the explicit expression of the density matrix of the states as
ρ(t) =
∑
mn
exp
[
− γt
2
(Em − En)2 − i(Em − En)t
]
× 〈ψm|ρ(0)|ψn〉|ψm〉〈ψn|. (16)
We assume that the system is initially prepared in the Bell
state |Ψ(0)〉 = 1√
2
(|01〉+ |10〉). From the Eq. (16), the time
evolution for this initial state can be obtained as
ρ(t) =


0 0 0 0
0 ρ22 ρ23 0
0 ρ32 ρ33 0
0 0 0 0

 , (17)
where the elements of the matrix can be defined as
ρ22 =
1
2
+
Dze
− 1
2
γµ2t sin[µt]
µ2
,
ρ23 =
Jx + Jy − 2iDze− 12 tγµ2 cos[tµ]
2(Jx + Jy − 2iDz) ,
ρ32 =
Jx + Jy + 2iDze
− 1
2
γµ2t cos[µt]
2(Jx + Jy + 2iDz)
,
ρ33 =
1
2
− Dze
− 1
2
γµ2t sin[µt]
µ2
and where
µ =
√
J2x + 2JxJy + J
2
y + 4D
2
z.
In order to highlight the effect of the pase decoherence γ
on the various correlations, we plot the time evolutions of cor-
relations with different values of Dz in Fig. 2. It can be seen
from the lower part of the figure that the time evolution of
the entanglement and quantum discord exhibit the interesting
phenomena of ”sudden death” and ”sudden revival”,[4] which
occur when the spin-orbit coupling is large and spin-spin cou-
pling is small. Secondly, with the aim to clarify the joint in-
fluence of the system parameters with the phase decoherence
on the time evolution, the combination of the system parame-
ters for the upper part of the figure is chosen as the optimum
40 2 4 6 8 10
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FIG. 2: (Color online) The lower part of the figure is the concur-
rence (black line), quantum discord (blue line) versus time t with the
system parameters fixed as Jx=0.03, Jy=0.06, γ = 0.01 and Dz=6.
The upper part of the figure is the concurrence (black line), quantum
discord (blue line), classical correlation (red line) versus time t with
the system parameters fixed as Jx=3, Jy=0.6, γ = 0.1 and Dz=0.1
(dotted line), Dz=0.3 (thin line).
one based on the numerical analysis. All of the three correla-
tions exhibit oscillatory behavior, which ultimately ends with
a steady state value. Oscillations are suppressed obviously
with the increase of γ. The CC ends with the maximum value,
while the other two end with a smaller steady state value with
respect to the starting maximum value. Importantly, the fi-
nal steady state values of the entanglement and quantum dis-
cord are all still high despite the phase decoherence, implying
that the optimum combination of the system parameters can
keep the correlations highly immune to the pure phase deco-
herence. Moreover, one can see that the quantum discord is
more fragile under the phase decoherence than the entangle-
ment, which is different from the result that it is more resistant
against the environment than entanglement. Last but not least,
the larger the DM interaction, the severer the collapse of the
correlations, which is the opposite of the thermal case.
V. CONCLUSION
In conclusion, we have studied the various correlations,
particularly the quantum discord in an anisotropic two-qubit
Heisenberg XYZ model with the presence of DM interaction.
Results are presented both for the case at thermal equilibrium
and under phase decoherence and they show that the roles of
the DM interactions in controlling the thermal quantum dis-
cord are opposite to the case of the XXZ. It is found construc-
tive in the case of XYZ model under our consideration. How-
ever, this is not the same story for the case of phase decoher-
ence, where the DM becomes destructive. The time evolution
of the entanglement and quantum discord shows the famous
phenomena of collapse and revival. Though the quantum dis-
cord is shown to be more sensitive to the phase decoherence
than the entanglement, optimum combination of the system
parameters can protect the correlations effectively against the
influence of the phase decoherence on the whole.
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